In this survey, we describe invariants that can be used to distinguish connected components of the moduli space of holonomy G2 metrics on a closed 7-manifold, or to distinguish G2-manifolds that are homeomorphic but not diffeomorphic. We also describe the twisted connected sum and extra-twisted connected sum constructions used to realise G2-manifolds for which the above invariants differ.
Introduction
This is a survey of recent results on the topology of closed Riemannian 7-manifolds with holonomy G 2 and their G 2 -structures. Among the highlights are examples of • closed 7-manifolds whose moduli space of holonomy G 2 metrics is disconnected, i.e. the manifold admits a pair of G 2 -metrics that cannot be connected by a path of G 2 -metrics (even after applying a diffeomorphism to one of them) • pairs of closed 7-manifolds that both admit holonomy G 2 metrics, which are homeomorphic but not diffeomorphic The key ingredients are • invariants that can distinguish homeomorphic closed 7-manifolds up to diffeomorphism, or G 2 -structures on 7-manifolds up to homotopy and diffeomorphism • classification theorems for smooth 7-manifolds or G 2 -structures on smooth 7-manifolds, at least for 7-manifolds that are 2-connected • a method for producing many examples of closed G 2 -manifolds, many of which are 2connected, and for which the above invariants can be computed By a homotopy of G 2 -structures we simply mean a continuous path of G 2 -structures on a fixed manifold. The relevance is that metrics with holonomy G 2 are essentially equivalent to torsionfree G 2 -structures. If two G 2 -metrics on M are in the same component of the moduli space, then their associated G 2 -structures are certainly related by homotopy and diffeomorphism. However, studying homotopy classes of G 2 -structures is essentially a topological problem, and avoids considering the complicated partial differential equation of torsion-freeness.
This survey will concentrate on describing the invariants and the constructions, while only stating the classification results.
1.1. Invariants and classification results for 2-connected 7-manifolds. By Poincaré duality, all information about the cohomology of a closed 2-connected 7-manifold M is captured by H 4 (M ). For simplicity, let us from now on assume that H 4 (M ) is torsion-free. Then in particular the data about the cohomology reduces to the integer b 3 (M ).
A 2-connected manifold has a unique spin structure. The only interesting relevant characteristic class of M is the spin characteristic class p M ∈ H 4 (M ) (which determines the first Pontrjagin class by p 1 (M ) = 2p M ). Since we assume H 4 (M ) to be torsion-free, the data of p M amounts to specifying the greatest integer d that divides p M in H 4 (M ) (where we set d := 0 if p M = 0). This d is in fact even, see §2.2. Theorem 3] ). Closed 2-connected 7-manifolds with torsion-free cohomology are classified up to homeomorphism by (b 3 , d).
If p M = 0, or more generally, if p M is a torsion class, then M admits 28 diffeomorphisms classes of smooth structures, distinguished by the diffeomorphism invariant of Eells and Kuiper [15] . A generalisation of this invariant to the case when p M is non-torsion was introduced in [13] . Under the simplifying assumption that H 4 (M ) is torsion-free, this generalised Eells-Kuiper invariant is a constant µ(M ) ∈ Z/ gcd (28,d 4 ) , whered := lcm(4, d) . In particular, the number of diffeomorphism classes of smooth structures on a 2-connected M is exactly gcd (28,d 4 ) .
Given a G 2 -structure on M , [11] defines two further invariants ν and ξ. The first is simply a constant ν ∈ Z/48. Under the assumption that H 4 (M ) is torsion-free, ξ is also a constant ξ(M ) ∈ Z/3d. Both are invariant not only under diffeomorphisms but also under homotopies of G 2 -structures. They satisfy the relations ν = In particular, the number of classes of G 2 -structures modulo homotopy and diffeomorphism on a fixed smooth 2-connected M is determined by computing the number of pairs (ν, ξ) that satisfy (1) ; for each of the 24 values of ν allowed by the parity constraint (1a), there are Num d 112 values for ξ that satisfy (1b), so the number of classes is 24 Num d 112 . Here, "Num" denotes the numerator of a fraction written in lowest terms. We can say that ν on its own always distinguishes at least 24 classes of G 2 -structures on any fixed M , and if d divides 112 then it determines the classes completely.
The invariants µ, ν and ξ are all defined as "coboundary defects" of characteristic class formulas valid for closed 8-manifolds. The definitions of ν and ξ rely on interpreting G 2 -structures in terms of non-vanishing spinor fields.
The ν-invariant is a bit more robust than the other two, in that its range does not depend on d. If the G 2 -structure is torsion-free, it is also possible to define a closely related invariant ν ∈ Z in terms of spectral invariants of the metric induced by the G 2 -structure, which satisfies ν =ν + 24 (1 + b 1 (M )) mod 48 , see Corollary 4.3. The analytic refinement is invariant under diffeomorphisms, but not under arbitrary homotopies of G 2 -structures. However,ν is invariant under homotopies through torsion-free G 2 -structures. Thereforeν is capable of distinguishing components of the moduli space of G 2 -metrics on a manifold M , even when the associated G 2 -structures are homotopic.
It turns out that µ = 0 for any twisted connected sum with perpendicular configuration. However, [12] studies the problem of finding twisted connected sums with non-perpendicular configuration, and thereby also produces some examples with µ = 1.
Example 1.4. The smooth 2-connected 7-manifolds with torsion-free H 4 (M ) and (b 3 , d, µ) = (101, 8, 0) and (101, 8, 1) both admit metrics with holonomy G 2 (see Example 3.8); they form a pair of G 2 -manifolds that are homeomorphic but not diffeomorphic.
Turning to the G 2 -moduli space of twisted connected sums, we find that if one attempts to distinguish components of the moduli space using the ν-invariant, the ν-invariant of a twisted connected sum turns out to always take the same value. Indeed, it was computed in [11] in terms of a spin cobordism that all twisted connected sums have ν = 24, regardless of the ACyl Calabi-Yaus used or the configuration. Considering the analytic refinementν does not help either.
Theorem 1.5 ([10, Corollary 3]).ν = 0 for any twisted connected sum.
If we want to use this circle of ideas to exhibit examples of closed 7-manifolds with disconnected moduli space of G 2 metrics, we are left with two possible approaches. One is to make use of the ξ-invariant, and this approach has very recently been successfully followed by Wallis [30] . His computation of the ξ-invariant for twisted connected sums shows that, like µ, it is uninteresting whenever the configuration is perpendicular. In particular, none of the examples found in [9] can be distinguished using ξ. However, [30, Examples 1.6 & 1.7] provide twisted connected sums with non-perpendicular configuration and d = 6 or 24, where ξ does distinguish components of the moduli space.
The other approach available for disconnecting the G 2 -moduli space is to consider a more general class of examples and we review recent work along this direction in the following subsection. Among these new examples we will also find G 2 -manifolds that are not G 2 -nullbordant, see Remark 1.10 below, so G 2 -bordism presents no obstruction against holonomy G 2 .
1.3. Extra-twisted connected sums. Our generalisation of the twisted connected sum construction relies on using ACyl Calabi-Yau manifolds V ± with automorphism groups Γ ± ∼ = Z/k ± . The action of Γ ± on the asymptotic cross-section S 1 × Σ ± of V ± is required to be trivial on Σ ± and free on the 'internal' S 1 factor. If we also let Γ ± act freely on the 'external' S 1 factor of S 1 × V ± , then the quotient M ± := (S 1 × V ± )/Γ ± is a smooth ACyl G 2 -manifold. The asymptotic cross-section is of the form T ± × Σ ± , for T ± := (S 1 × S 1 )/Γ ± . Note that the 2-torus T ± need not be a metric product of two circles; on the other hand it could be even if k ± > 1, depending on the choice of circumferences of the internal and external circles.
Suppose we have arranged the circumferences of the circles in such a way that there exists an orientation-reversing isometry t : T + → T − . A key parameter of t is the angle ϑ between the external circle directions. For a diffeomorphism r : Σ + → Σ − , the condition that (2) be an isomorphism of the asymptotic limits of M + and M − depends on ϑ (see Definition 3.4) . Given such a ϑ-hyper-Kähler rotation, we can proceed to glue M + and M − similarly as before to form a closed manifold M with a torsion-free G 2 -structure. We assume that ϑ is not a multiple of π, so that M has finite fundamental group, and thus holonomy exactly G 2 (otherwise the external circles are aligned, so that M has an S 1 factor). Note that if k + = k − = 1 then ϑ is forced to be a right angle and we recover the ordinary twisted connected sum construction from the previous subsection.
Unlike for ordinary twisted connected sums, the analytic invariant of an extra-twisted connected sum is affected by the configuration. In fact, when both k ± ≤ 2, the only contributions toν come from ρ = π − 2ϑ, and the invariant m ρ (L; N + , N − ) ∈ Z of the configuration defined in (27) (see [10, Def 2.5] ).
If k ± ≥ 3, there are two more contributions. The generalised Dedekind sum D γ ± (V ± ) ∈ Q defined in (28) (see [17] ) depends on the action of Γ ± on V ± . It vanishes if no element γ ∈ Γ ± has isolated fixed points. On an odd-dimensional Calabi-Yau manifold, no structure preserving involution can have isolated fixed points, so this contribution vanishes if k ± ≤ 2.
Finally, (29) defines a number F ± ∈ R that depends on the circumferences of the internal and external S 1 and the Γ ± -action on their product (see [17] ). It vanishes in the rectangular case (k ± = 1) and in the rhombic case (k ± = 2). While it is hard to compute F ± individually in general, we sketch ways to determine F + + F − in Sections 4.3 and 4.4 below.
Theorem 1.6 ([10, Thm 1], see also [17] ). Let (M, g) be an extra-twisted connected sum. Let ϑ be the gluing angle, and let m ρ (L; N + , N − ), D γ ± (V ± ) and F ± be as above. Then
Example 1.7. The smooth 2-connected 7-manifold with torsion-free H 4 (M ) and (b 3 , d, µ) = (97, 2, 0) admits two torsion-free G 2 -structures withν = 0 andν = −36, see [10, Ex 3.7] . Hence these torsion-free G 2 -structures are not homotopic, so the corresponding holonomy G 2 metrics must lie in different components of the G 2 moduli space. One of the two G 2 -structures comes from an extra-twisted connected sum with gluing angle ϑ = π 4 , while the other is a rectangular twisted connected sum. This is significant because a topological G 2 -structure is trivial in G 2 -bordism if and only if 3|ν (or equivalently, 3|ξ), see Remark 2.1. Hence we see that G 2 -bordism does not give an obstruction against the existence of torsion-free G 2 -structures.
Remark 1.11. The fact thatν(M ) is always an integer poses interesting restrictions on the possible asymptotically cylindrical pieces V ± , the groups Γ ± , the torus matchings, and the matchings of K3 surfaces. For k ± ≥ 3, the values of F ± and ρ π can be irrational (see Figure 4 ). Using elementary hyperbolic geometry, one can prove that the linear combination of these terms that occurs in Theorem 1.6 is always rational.
The generalised Dedekind sums D γ ± (V ± ) are always rational, too. The fractional part of their sum is determined by the remaining terms in Theorem 1.6. As an example, if an asymptotically cylindrical Calabi-Yau manifold V ± with an action of Γ ± ∼ = Z/5Z occurs in a matching, then the action of Γ ± on that space must have isolated fixed points. Remark 1.12. Finally, one may wonder if it is worthwhile to extend the construction above by allowing group actions of Γ ± on V ± that do not necessarily act trivially on the K3-factor Σ ± . While on one hand it may be difficult to provide such examples, it turns out that on the other hand this will only give quotients of the examples we can produce by our methods above.
To understand this, let Γ 0,± ⊂ Γ ± be the normal subgroup of Γ ± that fixes Σ ± pointwise. The cross-section of (V ± × S 1 )/Γ ± at infinity can be regarded as the total space of a singular fibration (S 1 × S 1 × Σ ± )/Γ ± −→ Σ ± /(Γ ± /Γ 0,± ) that is locally of product geometry, and whose regular fibres are all isometric to (S 1 × S 1 )/Γ 0,± . Now assume that we can glue (
Then the isometry of the cross-sections at infinity on both sides lifts to an isometry
by the de Rham decomposition theorem. Hence, we may write M =M /(Γ ± /Γ 0,± ), whereM is an extra-twisted connected sum as considered above, using only the subgroups Γ 0,± ⊂ Γ ± .
1.4. Further questions. Several questions not answered above are • What are µ and ξ for extra-twisted connected sums? While ν was originally defined as a coboundary defect, our computation for extra-twisted connected sums was analytic. We do not know suitable coboundaries for extra-twisted connected sums that could be used to compute µ and ξ. • There are now more than 10 8 different constructions of G 2 -manifolds. Only a small number of these constructions giveν = 0, even fewer give 3 ν. In case the number of possible G 2 -manifolds up to deformation is finite, it would be interesting to know ifν = 0 or 3|ν is preferred, or if all values occur roughly equally often. • Is there a 2-connected 7-manifold that admits a torsion-free G 2 -structure in every homotopy class of topological G 2 -structures?
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Coboundary defects
Suppose that there is a formula valid for closed n-manifolds with a certain structure, such that each term is well-defined also for n-manifolds with boundary. If each term is additive under gluing along boundary components, then the failure of the formula to hold for manifolds with boundary can be interpreted as an invariant of the boundary itself (with relevant induced structure). We explain how combinations of the Hirzebruch signature theorem, the Atiyah-Singer theorem for the index of the Dirac operator and a relation for the Euler class of the positive spinor bundle of closed spin 8-manifolds lead to the definitions of the invariants µ, ν and ξ.
2.1. Prototypical example. The first example of such a "coboundary defect" invariant is Milnor's λ-invariant of a closed oriented 7-manifold M with p 1 (M ) = 0. The starting point in this case is the Hirzebruch signature theorem for a closed oriented 8-manifold X:
Here we have implicitly identified p 2 (X), p 1 (X) 2 ∈ H 8 (X) ∼ = Z by evaluation on the fundamental class. Now consider instead a compact 8-manifold W with boundary M . Let H 4 0 (W ) be the image of the push-forward H 4 (W, M ) → H 4 (W ). For elements x, y ∈ H 4 0 (W ) we can define a product xy ∈ Z by picking a pre-imagex ∈ H 4 (W, M ) of x and setting xy to bexy ∈ H 8 (W, M ) ∼ = Z. One makes sense of the signature σ(W ) as the signature of this intersection form on H 4 0 (W ). If we impose the condition that p 1 (M ) = 0, then p 1 (W ) ∈ H 4 0 (W ), so p 1 (W ) 2 ∈ Z is well-defined. According to Novikov additivity [2, 7.1], the signature is additive under gluing boundary components: if
1 is additive in the same sense. While there is no good way to interpret p 2 (W ) under these conditions, we can eliminate the corresponding term from (3) by reducing modulo 7:
for any closed oriented 8-manifold X. The consequence is that if M is a smooth oriented 7-manifold with p 1 (M ) = 0 and W is an oriented coboundary, then
in fact depends only on M , and not on W (Milnor [24, Theorem 1]). Because the oriented bordism group Ω SO 7 is trivial, this allows us to define λ(M ) ∈ Z/7 for any oriented M with p 1 (M ) = 0.
2.2.
The spin characteristic class. Since we are interested in invariants of spin manifolds, it will be important to summarise some properties of the generator of H 4 (BSpin; Z). This corresponds to a degree 4 characteristic class p(E) of spin vector bundles E. It is related to the first Pontrjagin class by p 1 (E) = 2p(E), while its mod 2 reduction is the 4th Stiefel-Whitney class w 4 (E).
For a manifold M , we will abbreviate p(T M ) as p M . For a closed spin manifold of dim M = n, Wu's formula [26, Theorem 11.14] implies that w 4 (M ) coincides with the 4th Wu class v 4 (M ), i.e. the Poincaré dual to the Steenrod square Sq 4 : H n−4 (M ; Z/2) → H n (M ; Z/2).
If dim M ≤ 7 then v 4 (M ) = 0, so p M is even. If X is closed of dimension 8 then the definition of v 4 (X) means it is a characteristic element for the intersection form on H 4 (X; Z/2), that is
The van der Blij lemma (see Milnor-Husemöller [25, Chapter II, Lemma 5.2]) implies in turn that
One can in fact deduce that (5) and (6) remain valid also if X is compact with boundary (taking x ∈ H 4 0 (X; Z/2) in (5)). See [13, §2.1] for further details.
The Eells-Kuiper invariant and its generalisation.
In the context of closed 7manifolds that are spin, there is another relevant formula for closed 8-manifolds in addition to the signature theorem (3) . A closed spin X 8 has a Dirac operator D X , and by the Atiyah-Singer theorem its index is computed by the A-genus of X:
While it is possible to define an index of the Dirac operator on a manifold with boundary, it is not a topological invariant. While we make use of that below, in the context of defining defect invariants we will need to eliminate this term.
To understand how to extract coboundary defect invariants from (3) and (7), it is helpful to rearrange them as
we have put the terms that have useful interpretations for manifolds with boundary on the right and the ones that do not on the left, and we also used p 1 (X) = 2p X to simplify slightly. Clearly we cannot completely eliminate both p 2 (X) and ind D X using these two equations.
But if we eliminate the p 2 (X) term, then we are left with 7 · 45 · 2 5 ind D X = 45(p 2 X − σ). Clearly we can eliminate a common factor of 45. However, in view of (6) it is more natural to reduce to
Thus, if for a closed spin 7-manifold M with p M = 0 we define
for any spin coboundary W , then this will be independent of the choice of W . This is (up to normalisation) the invariant of Eells and Kuiper [15] . It is the best possible defect invariant that can be extracted from (8) in the following sense:
• Even given the constraint (6), µ can take any value in Z/28.
• Given (p 2 W , σ(W )) satisfying (6), there is a solution (ind D X , p 2 (X)) ∈ Z 2 to (8) if and only if µ = 0. If W is a compact spin manifold with boundary M but we drop the condition that p M = 0, then we can no longer interpret p 2 W as a well-defined element of Z. However, if p M is divisible by an integer d, then p W mod d belongs to the image of H 4 (W, M ; Z/d), so there is a well-defined
is torsion-free and that there exists u ∈ H 4 (W ) such that du |M = p M , then there is a more elementary way to interpret p 2 W even as an element of Z/2d (ford = lcm(4, d) as in the introduction): if u is another such element then
is equal to (p W − u) 2 modulo 2d (because d is even) and also modulo 8 (because p W is a characteristic element for the intersection form as explained in (5)), so they are equal modulo lcm(8, 2d) = 2d.
If H 4 (M ) is torsion-free then one can always find some spin coboundary W and u ∈ H 4 (W ) such that du |M = p M . Defining
is independent of both W and u (see [13, Definition 1.8]).
2.4. Defect invariants of G 2 -structures. If we seek invariants of G 2 -structures on 7manifolds rather than just a spin manifold itself, then one further formula for a closed spin 8-manifold X becomes relevant. The integral of the Euler class of the tangent bundle T X is just the Euler characteristic χ(X), while the integral of the Euler class of the positive spinor bundle can be interpreted as the number of zeros (counted with signs) n + (X) of any transverse positive spinor field. They are related by
this appears to have been first established by Gray and Green [18, p. 89 ]. The Euler characteristic of course makes perfect sense also for manifolds with boundary, and for even-dimensional oriented manifolds it is also additive under gluing of boundary components. On a compact spin manifold W 8 with boundary, the number of zeros of a positive spinor field is not a topological invariant. However, if we fix a non-vanishing spinor field s on the boundary M and consider transverse positive spinorss on W that restrict to s, then the number of zeros n + (W, s) does in fact depend only on s. Since a non-vanishing spinor field defines a G 2 -structure, n + (W, s) is a sensible term to consider (only) in the context of manifolds with G 2 -structure.
We now consider how to define defect invariants from combinations of (3), (7) and (10), which we present as
In this case we have enough equations that we can eliminate all terms on the LHS, obtaining 0 = 7χ(X) − 14n + (X) + 3p 2 X − 45σ(X) 2 Thus for a G 2 -structure on a closed 7-manifold M with p M = 0, defined by a non-vanishing spinor field s, we can define
for any spin coboundary W . To capture the remaining constraints from (11), there are many different ways that we could eliminate p 2 (X) while leaving an ind D X term with a coefficient. If we decide to eliminate the p 2 X term too then we obtain −48 ind D X = χ(X) − 2n + (X) − 3σ(X).
This allows us to define an invariant of G-structures by
Note that ξ and ν are not independent: we find using (6) that ξ(s) = 7ν(s) mod 12 (13) If we were aiming to identify a "basic" set of coboundary defects from (11), we would instead be led to consider ξ together with a Z/4-valued invariant. The advantage of instead considering ν is that it is more robust: if we drop the condition that p M = 0 then we can no longer define ξ as an integer-valued invariant, but (12) defines ν(s) ∈ Z/48 for G 2 -structures on any closed 7-manifold. However, if we require H 4 (M ) to be torsion-free then we can define ξ(s) ∈ Z/3d analogously to (9) .
Since we are claiming that ν and ξ capture all the coboundary-defect information that can be extracted from (11) , it should also be possible to recover µ from ν and ξ. Indeed it is easy to check that ξ(s) − 7ν(s) 12 = µ(M ) mod gcd 28,d 4 .
Remark 2.1. In [11, Definition 1.2 and (10)], ν and ξ are initially defined in terms of Spin (7)coboundaries of the G 2 -structure, i.e. using not just a spin 8-manifold W such that ∂W = M , but also requiring W to admit a Spin (7)-structure whose restriction to M is the given G 2 -structure. This is equivalent to requiring n + (s) = 0, so leads to a slight simplification of the defining formulas. An elementary argument ([11, Lemma 3.4]) assures that Spin (7)coboundaries exist for any G 2 -structure. One could also ask whether a given G 2 -structure on a 7-manifold admits a G 2 -coboundary W . Reducing the structure group of W to G 2 defines a preferred non-vanishing vector field, so forces χ(W ) = 0. Since G 2 ⊂ Spin (7), also n + (s) = 0, so (12) implies ν = 0 mod 3. In fact, this condition is also sufficient for the existence of a G 2 -coboundary [29] .
Extra-twisted connected sums
We now provide some further details regarding the constructions of twisted connected sums and extra-twisted connected sums outlined in §1.2-1.3.
3.1.
ACyl Calabi-Yau manifolds. The first step in the construction is to produce asymptotically cylindrical Calabi-Yau 3-folds, i.e. complex 3-folds with a complete Ricci-flat Kähler metric ω and a choice of (normalised) holomorphic 3-form Ω, exponentially close to a product structure (ω ∞ , Ω ∞ ) on an end R + × U .
We will only be concerned with the case when the asymptotic cross-section U is of the form S 1 × Σ, for Σ a K3 surface. Let ζ be the circumference of the circle factor, and let u be a coordinate on S 1 with period ζ. Then there is a hyper-Kähler triple (ω I , ω J , ω K ) on Σ such that ω ∞ = dt ∧ du + ω I ,
To produce such ACyl Calabi-Yau manifolds, we use a non-compact version of Yau's solution of the Calabi conjecture. The following result from [19] is a special case of the Tian-Yau theorem, but with improved control on the asymptotics. That Σ is an anticanonical divisor essentially means it is a complex submanifold Poincaré dual to c 1 (Z). A convenient way to produce examples of 'building blocks' Z to which Theorem 3.1 can be applied is to blow up the intersection of two anticanonical divisors in a Fano 3-fold, i.e. a closed complex 3-fold Y where c 1 (Y ) is a Kähler class. The topology of such manifolds is well-understood, as is their deformation theory which is relevant for the matching problem discussed in §3.4.
Example 3.2. Let Y ⊂ P 2 × P 2 be a smooth divisor of bidegree (2, 2) . Then the anticanonical bundle −K Y is the restriction of O(1, 1) . The intersection of two generic anticanonical divisors Σ 0 , Σ 1 is a smooth curve C of genus 7. Let Z be the blow-up of Y in C. Then the proper transform of Σ 0 is an anticanonical divisor in Z with trivial normal bundle.
The 'Picard lattice' of Y is H 2 (Y ) equipped with the bilinear form (x, y) → xy(−K Y ). In the basis for H 2 (Y ) given by the restrictions of the hyperplane classes of the P 2 factors, this form is represented by
This equals the polarising lattice N of the resulting ACyl Calabi-Yau 3-folds, see section 1.2.
If Z has a cyclic automorphism group Γ that fixes a smooth anticanonical divisor Σ pointwise, then the restriction of Γ to Z \ Σ gives the type of automorphism we need on the ACyl Calabi-Yau. For instance, in Example 3.2 choosing Y , Σ 0 and Σ 1 to be invariant under the involution that swaps the P 2 factors ensures that this involution lifts to Z. The Picard lattice of Y has rank 1, with a generator that squares to 6.
3.2.
Gluing ACyl G 2 -manifolds. Choose ξ > 0 and let v be a coordinate with period ξ on S 1 . Given an ACyl Calabi-Yau structure (ω, Ω) on V , the 3-form ϕ := Re Ω + dv ∧ ω defines a torsion-free ACyl G 2 -structure on S 1 × V and hence a metric with holonomy contained in (but not equal to) G 2 ; the circumference of the 'external' S 1 factor equals ξ. If the asymptotic limit (ω, Ω) is given by (14), then ϕ is asymptotic to
If (V, ω, Ω) admits an isomorphic action by Γ = Z/kZ with k ≥ 2 as above, then we can extend the action to S 1 × V by making a generator act on the external S 1 factor as rotation by angle 2π k ; let ε ∈ Z/k be the unit such that the action of that generator on the internal S 1 by 2πε k . The ACyl G 2 -structure ϕ descends to the quotient M := (S 1 × V )/Γ. It has asymptotic limit T 2 × Σ, where the T 2 factor is isometric to the quotient of a product of circles of circumference ζ and ξ by Γ.
More precisely, the T 2 factor could be described as the quotient of C by a lattice generated by ξ and ξ+iεζ k , with a complex coordinate
Given a pair (ζ + , ξ + , k + , ε + ), (ζ − , ξ − , k − , ε − ) of sets of data defining such tori T 2 + , T 2 − and an angle ϑ = 0, we consider in the next subsection whether C → C, z → e iϑz descends to a well-defined orientation reversing isometry
If we have such a ϑ, we can attempt to find a diffeomorphism r : Σ + → Σ − such that (2) is an isomorphism of G 2 -structures. Let us now identify this condition in terms of the action on hyper-Kähler structures. In terms of the complex coordinate z = v + iu in (16), we can rewrite (15) as
For (2) to be an isomorphism of cylindrical G 2 -structures is thus equivalent to the following. 
We will now consider in turn the problems of finding suitable t :
3.3. Isometries of tori. Given k ± , identifying the possible data ε ± , ξ ± , ζ ± and ϑ for which (17) is well-defined is essentially a combinatorial problem. To study it is helpful to associate to such a t a gluing matrix G = m p n q such that
Let us write s ± for the ratio ξ ± ζ ± . Amongst other relations, the matrix coefficients satisfy det m p n q = −k − k + ,
see [17] . Because ξ − ∂ v − and ζ − ∂ u − are perpendicular, there are three possibilities. If ϑ = 0, then n = p = 0. This leads to a manifold with infinite fundamental group, so we do not consider this case. If ϑ = ± π 2 , then m = q = 0, and ξ + = ζ − and ζ + = ξ − are independent of each other. If ϑ / ∈ π 2 Z, then mnpq < 0, and
For given k ± , equations (21) leave only finitely many possibilities for G and ε ± . If k + = k − = 1 then essentially the only possible gluing matrix is G = 0 1 1 0 , leading to ϑ = ± π 2 . For k + = 2 and k − = 1 there is essentially only one possibility 1 1 1 −1 . We can take ζ + = ξ + and ζ − = ξ − . That way T 2 − is a square torus, and T 2 + is a Z/2-quotient of a square torus that is again a square torus. If we take ζ + = √ 2ζ − then T 2 + and T 2 − have equal size, and there is an isometry with ϑ = π 4 . To illustrate it we can draw a single lattice corresponding to the two tori identified by t, while adding vectors ∂ u ± and ∂ v ± indicating the directions of the 'internal' and 'external' circle directions of the two tori; see Figure 1 .
For k + = k − = 2 there are more possibilities, but essentially only two that lead to simplyconnected G 2 -manifolds. In both of those cases, the tori T 2 + and T 2 − are 'hexagonal'. One possibility is to take ξ + = ξ − = √ 3ζ + = √ 3ζ − , leading to the existence of an isometry t with ϑ = π 3 illustrated in Figure 3 . The other has ξ + = ζ − = √ 3ζ + = √ 3ξ − and ϑ = π 6 , illustrated in Figure 2 .
Once we allow k + or k − to be greater than 2, the number of combinatorial possibilities increases (while the supply of examples of building blocks with the relevant symmetry decreases). For k + = 3 (and ε + = −1) and k − = 1, one possibility is to take ζ + = √ 2ξ + = √ 3ζ − = √ 6ξ − . That way T 2 + and T 2 − are both rectangular (with the proportions of European A4 paper), and there is an isometry t with cos ϑ = 1 √ 3 illustrated in Figure 4 ; note that ϑ π is irrational in this case.
3.4. The matching problem. If we first produce some examples of ACyl Calabi-Yau 3-folds V ± with automorphism groups Γ ± as in §3.1 and pick a compatible torus isometry t as in §3.3, it is very unlikely that we will be able to find a ϑ-hyper-Kähler rotation between the asymptotic K3s (for the angle ϑ determined by t). A more fruitful approach is to first fix a pair Z + , Z − of deformation families of building blocks with automorphism groups Γ ± , fix t, and then construct the pair V + , V − with the desired r from elements of Z ± .
Fixing a deformation family of blocks Z ± also fixes the polarising lattice N ± of the resulting ACyl Calabi-Yaus. Given a ϑ-hyper-Kähler rotation r : Σ + → Σ − between some pair (Z + , Σ + ), (Z − , Σ − ), we can identify both H 2 (Σ + ) and H 2 (Σ − ) with a fixed copy of the K3 lattice L, and hence obtain a pair of embeddings of N + and N − into L. As in the introduction, section 1.2, we refer to this pair as the 'configuration' of r, and it controls much of the topology of the resulting G 2 -manifolds. It is therefore reasonable to further refine the problem to look for a r compatible with a fixed configuration.
Remark 3.5. According to Nikulin [27, Theorem 1.12.4] , an even indefinite lattice of rank up to 11 has essentially a unique embedding into L. As long as the ranks of N + and N − are not too big, specifying a configuration is therefore essentially equivalent to describing a "push-out" lattice W that is spanned by images of isometric embeddings of N + and N − .
Let us note some necessary conditions on the configuration for the existence of such a r. Observe that [ω I ± ] belongs to N R ± := N ± ⊗ R ⊂ H 2 (Σ ± ; R), and is also the restriction of a Kähler class from Z ± . On the other hand, [ω J ± ] and [ω K ] ± are orthogonal to N R ± . If we let π ± : L → N R ± be the orthogonal projection, then (19) implies that π ± [ω I ∓ ] = (cos ϑ)[ω I ± ], and hence that [ω I ± ] belongs to the (cos ϑ) 2 -eigenspace of the self-adjoint endomorphism π + π − on N R ± ; let us denote that by N ϑ ± ⊆ N R ± . Since the positive-definite subspace spanned by (19) further forces that Λ ± is contained in the Picard lattice of Σ ± , so "Σ ± is Λ ± -polarised".
In summary, given a pair of primitive embeddings N + , N − → L of the polarising lattices of a pair of deformation families Z + , Z − of building blocks, two necessary conditions for finding a ϑ-hyper-Kähler rotation between asymptotic K3s in some ACyl Calabi-Yau 3-folds arising from some elements of Z + and Z − are that:
(i) W := N + + N − is non-degenerate of signature (2, rk W − 2) (ii) N ϑ ± contains the restriction of some Kähler class from Z ± ; in particular N ϑ ± is non-trivial (iii) there are some elements (Z ± , Σ ± ) ∈ Z ± such that Σ ± is Λ ± -polarised. On the other hand, a combination of the Torelli theorem with a more precise statement of Theorem 3.1 turns out to show that a sufficient condition for finding a ϑ-hyper-Kähler rotation compatible with the configuration is given essentially by (i) and (ii) together with (iii') a generic element of the moduli space of Λ ± -polarised K3s appears as the anticanonical divisor in some element of Z ± A general principle is that a generic N ± -polarised K3 surface does appear as an anticanonical divisor in some element of Z ± . For example, for blocks obtained from Fano 3-folds, as in Example 3.2, this is a consequence of the results of Beauville [3] on the deformation theory of anticanonical divisors in Fano 3-folds (see [8, Proposition 6.9] ). The matching problem is therefore easiest to solve if one restricts attention to configurations where Λ ± = N ± . That is equivalent to requiring that the only configuration angles in (27) are 0 and ±2ϑ.
3.5.
Examples of matchings. For ϑ = π 2 , it is very easy to produce such configurations where Λ ± = N ± : simply take the push-out W of Remark 3.5 to be the perpendicular direct sum N + ⊥ N − ; then (i) and (ii) are automatically satisfied too. This way one can produce literally millions of matchings, see [9] . However, there is limited diversity among the topological types realised this way, e.g. they all have µ = 0 [12, Corollary 3.7].
On the other hand, if ϑ = π 2 , then for a given pair of polarising lattices N + and N − there need not be any configurations at all with N ± = Λ ± . For polarising lattices of rank 1, it is not so difficult to decide whether such a configuration exists.
Example 3.6. Let Z + be the deformation family of blocks with automorphism group Γ + ∼ = Z/3 described in Example 3.3, and let Z − be the family of blocks obtained from blow-ups of Fano 3-folds of rank 1, index 1 and degree 2 (see [9, Example 7.1 1 2 ] in the notation used there). The relevant polarising lattices are N + = (6) and N − = (2). By the reasoning in Remark 3.5, the matrix W = 6 2 2 2 defines a configuration of N + and N − . The angle ϑ between the basis vectors has (cos ϑ) 2 = 2 2 2 · 6 = 1 3 .
We can find a ϑ-hyper-Kähler rotation compatible with this configuration, and hence form an extra-twisted connected sum using the torus matching illustrated in Figure 4 .
On the other hand, for polarising lattices of higher rank the existence can be less immediately obvious. ± = N ± . We can find a π 4 -hyper-Kähler rotation compatible with this configuration, and hence form an extra-twisted connected sum using the torus matching illustrated in Figure 1 .
Even if we look for configurations without the assumption that N ± = Λ ± , the conditions (i) and (ii) on their own can be still be quite restrictive. But having found such a configuration, one then has to check condition (iii'). This typically requires some detailed understanding of the particular families of building blocks involved. Table 3 ]). In this case the polarising lattices are N + = N − = 4 5 5 2 .
We can define a configuration satisfying condition (i) (with ϑ = π 2 ) and (ii) using the push-out It is checked in [12, Lemma 7.7] that any K3 surface with Picard lattice isomorphic to that can be embedded as an anticanonical divisor in the blow-up of P 3 in a twisted cubic, so that (iii') holds. Thus it is possible to form a rectangular twisted connected sum of two blocks from this family. The resulting G 2 -manifolds have b 3 = 101, d = 8 and µ = 1, and are used in Example 1.4.
The extended ν-invariant
By definition, coboundary defect invariants for M can be computed if one knows enough about some appropriate manifold W with ∂W = M . For rectangular twisted connected sums, this was used in [11] to show that ν(s) = 24, in [12] to compute the generalised Eells-Kuiper invariant, and recently by Wallis to compute ξ(s) [30] . For extra-twisted connected sums, zero-bordisms are harder to find, and we therefore pursue a different approach to computing ν.
We rewrite the definition of ν(M ) using the Atiyah-Patodi-Singer index theorem for manifolds with boundary and Mathai-Quillen currents. This yields a formula for ν in terms of η-invariants and Mathai-Quillen currents. In the case of G 2 -holonomy, the Mathai-Quillen terms drop out, and the η-invariants become R-valued rather than just R/2Z-valued. This way, the ν-invariant lifts to a Z-valued invariantν, the extended ν-invariant, that is locally constant on the moduli space of G 2 -holonomy manifolds. It is possible to computeν for extra-twisted connected sums, see examples 1.7 and 1.8 above.
4.1.
The analytic description of the ν-invariant. The definition of ν(s) in (12) involves the signature σ(X) of an 8-manifold X, which can be written as the analytic index of the signature operator B X on X. Implicitly, ν(s) also involves the index of the Atiyah-Singer spin Dirac operator D X on X.
The Atiyah-Patodi-Singer index theorem allows us to write σ(W ) as an analytic index of the signature operator B W on an 8-manifold with boundary ∂W = M . We assume that W has product geometry near its boundary. Let ∇ T W be the Levi-Civita connection, and let L T W, ∇ T W ∈ Ω • (W ) be the Chern-Weil representative of the L-class. If B M denotes the odd signature operator on the boundary M , with spectrum · · · ≤ λ 0 ≤ λ 1 ≤ · · · counted with multiplicities, we can define its η-invariant by
The spectral expression is defined if the real part of s is sufficiently large and has a meromorphic continuation that is holomorphic at s = 0. The η-invariant is the value at s = 0, or equivalently the value of the integral on the right. The Atiyah-Patodi-Singer signature theorem [1, Thm 4.14] implies that
Similarly, let D W denote the spin Dirac operator on W with the given spin structure, and let D M denote the spin Dirac operator on M . Let ind APS(D W ) ∈ Z denote the analytic index of the spin Dirac operator with respect to the Atiyah-Patodi-Singer boundary conditions, letÂ(T W, ∇ T W ) be the Chern-Weil representative of theÂ-class, let η(D M ) be the defined as above, and let h(D M ) = dim ker(D M ). The Atiyah-Patodi-Singer index theorem [1, Thm 4.2] states that
The Euler class of the positive spinor bundle has to be treated differently. Let π : E → W be a Euclidean vector bundle with metric g E and compatible connection ∇ E . Mathai and Quillen [23] defined a current ψ(∇ E , g E ) on the total space E, which is singular along the zero section W ⊂ T W , such that
Here, e(E, ∇ E ) is the Euler class of E and δ W denotes the Dirac delta distribution on T W along the zero section W . As a bundle E, we consider the positive spinor bundle S + W → W , so SM = S + W | M is the spinor bundle on M . Ifs ∈ Γ(S + W ) extends a nowhere vanishing spinor s on M , then [23, Thm 7.6 ], see also [5, Thm 3.7] , implies
by Stokes' theorem. Thus, at least formally, the integral of the Mathai-Quillen form over M is analogous to the η-invariants in (23) and (24) . We combine (10) and (12) with (23)- (25) to get an intrinsic formula for the ν-invariant. 
We recall that the η-invariants η(B M ), η(D M ) depend on the spectrum of B M and D M , and hence on the Riemannian geometry of (M, g). If one varies the metric g, the corresponding variation formula for η-invariants typically contains two terms. The first term is an integral of a Chern-Simons class over M , which varies continuously in g. Since ν(s) is always an integer, the variation terms for the two η-invariants involved must cancel for families of metrics with holonomy in G 2 .
The second term is a Z-valued spectral flow, so the η-invariant, or more precisely the expression η+h However, if the holonomy group of (M, g) is a subgroup of G 2 , then (M, g) is Ricci flat. The Lichnerowicz formula becomes D 2 M = (∇ SM ) * ∇ SM . Because M is closed, this implies that every harmonic spinor is parallel. If the holonomy group of M is the full group G 2 , then the space of parallel spinors is spanned by the defining spinor s, so we have h(D M ) = 1. Otherwise, by Ricci flatness, the entire first de Rham cohomology can be represented by parallel 1-forms, and Clifford multiplication c · s gives an isomorphism from H 1 (M ; R) to the subspace of parallel spinors perpendicular to s. Hence h(D M ) = 1 + b 1 (M ) is constant on the moduli space of G 2 -holonomy metrics, and the spin Dirac operator has no spectral flow. Therefore, the right hand side of (26) is locally constant on the G 2 -moduli space. 
The parameter stands for the length of the cylindrical neck. There is a closed G 2 -structure ϕ on M , and a torsion free G 2 -structureφ nearby. We apply the R-valued gluing formula for η-invariants by Bunke [6] and Kirk-Lesch [21] . In [10] , we construct operators D M, and B M, that are of product type on a neighbourhood of Y , and have the same kernels as the corresponding operators on the G 2 -manifold (M ,φ ). The harmonic spinors on Y that extend to harmonic spinors of the restrictions D M ± , , B M ± , to M ±, form Lagrangian subspaces L D ± ⊂ ker(D Y ) independent of . Similarly, harmonic forms representing Im
. We modify the APS boundary conditions for the operators D M ± and B M ± on the two halves M ± by these Lagrangian subspaces and define η APS (D M ± ; L D ± ) and η APS (D M ± ; L B ± ) with respect to those boundary conditions. Recall the polarising lattices N ± inside the K3 lattice L from Section 1.2. Let A ± denote the reflections of L ⊗ R = H 2 (Σ; R) in the subspaces N ± . Then the configuration angles are the arguments α + 1 , α + 2 , α + 3 and α − 1 , . . . , α − 19 of the eigenvalues of the restrictions of A + • A − to an invariant positive or negative subspace of H 2 (Σ; R), respectively. We always have {α + 1 , α + 2 , α + 3 } = {0, ±2ϑ}. We define
By [6] and [21] , see [10, Thm 1], we find that
To describe the remaining ingredients of Theorem 1.6, let ζ ± and ξ ± denote the lengths of the "interior" and "exterior" circle factors as in Section 3, and define s ± as in (22a). We will now set the exterior radius to ξ ± = aζ ± instead and consider M ±,a = (S 1 aζ ± × V ± )/Γ ± . To computeν(M ±,a ), we will compute its limit as a → 0, and the variation ofν(M ±,a ) as a changes.
To describe the limit a → 0, let γ ± ∈ Γ ± be the generator that rotates the exterior circle factor by 2π k ± . Let V 0,j ± ⊂ V ± be the set of isolated fixed points of γ j ± , and for p ∈ V 0,j ± , let α j,1 (p), α j,2 (p), α j,3 (p) denote the angles of the γ j ± -action on T p V ± . Because the Γ ± -action preserves the holomorphic volume form, these angles can be chosen such that their sum is 0. Then the isolated fixed points contribute toν(M ± ) by
see [17] . This is proved using methods from [16] . Another contribution arises as a boundary term in the variational formula for η-invariants on manifolds with boundary by Bismut-Cheeger [4] and Dai-Freed [14] . Assume that the generator γ ± of Γ ± rotates the interior circle by an angle 2πε ± k ± as above. Let σ −1 (n) = d|n d −1 , and let L(τ ) denote the logarithm of the Dedekind η-function, defined for τ ∈ H ⊂ C in the upper half plane by
Then the last contribution toν(M ) is
see [17] . The constant c k,ε takes the special values
We are grateful to Don Zagier for the formulas above for F k,ε (s) and c k,ε .
The explicit values of L are hard to determine. Instead, one may use the functional equations L(τ + 1) = πi 12 + L(τ ) and
to compute the sum of all values of L occurring in Theorem 1.6 for a particular extra-twisted connected sum.
Example 4.4. We consider Example 3.6, where k + = 3, k − = 1. By construction in Example 3.3, the group Γ + acts without isolated fixed points on V + , so we have D γ + (V + ) = 0. And because k − = 1, also D γ − (V − ) = 0. From the gluing matrix G = m p n q = 1 1 2 −1 in Figure 4 we conclude that ε + = −1, s + = √ 2 = s − . Because k − = 1, we have F k − ,ε − (s − ) = 0. Using (30) and (31), we compute
Because both N + and N − have rank 1, both lie in H 2,+ (Σ; R). So A + • A − acts as the identity on H 2,− (Σ; R), and hence α − 1 = · · · = α − 19 = 0. The angle ϑ = arc cos 1 We see that 3 ν(M ), so (M, g) is indeed not G 2 -nullbordant.
Elementary hyperbolic geometry.
There is an alternative way to treat the variational term F + + F − . We can compute it as the area of a certain ideal hyperbolic polygon, see [17] .
To this end, we regard the upper half plane H as space of conformal structures on a fixed torus. Then H carries a tautological family of flat tori. Letη(A) ∈ Ω 1 (H) be the η-form of the spin Dirac operator of this family. Using the variation formula for η-invariants on manifolds with boundary in [4] and [14] , we represent F ± as
Using local index theory, one expresses the exterior derivative of the η-form in terms of the hyperbolic volume form dA hyp as dη(A) = 1 4π dA hyp .
Let γ ± : (0, s ± ] → H represent the families (S 1 aζ ± × S 1 ζ ± )/Γ ± . Then γ ± are hyperbolic rays. As we explain in [17] , the ray γ + goes from ε + k + ∈ R∪{∞} = ∂ ∞ H vertically to the point ε + +is + k + representing T 2 + . The ray γ − goes from ε + k + − n k + m to ε + +is + k + along a hyperbolic geodesic with second endpoint ε + k + − q k + p . We can now complete γ + ∪ γ − to an ideal hyperbolic polygon P of finite area using geodesics along whichη(A) vanishes for symmetry reasons; these are hyperbolic geodesics joining points a b , c d ∈ Q with k = |ad − bc| ∈ {1, 2}, corresponding to families of rectangular (k = 1) and rhombic (k = 2) tori, respectively.
By Stokes theorem and (32) and (33), we can express F + + F − as the sum of 72 π A hyp (P ) and contributions from the cusps of P . Using a strict version of the adiabatic limit formula for families by Bunke and Ma [7] , a cusp at e f between geodesics to x and y ∈ ∂ ∞ H contributes 
if e f is a reduced fraction. Recall that the hyperbolic area of a polygon can be computed from its angles and the number of corners. Because the rays γ ± meet at angle 2ϑ, this approach explains in particular why the final value ofν(M ) is rational even though the terms −72 ρ π and F ± in Theorem 1.6 can be irrational for k + > 2 or k − > 2.
Example 4.5. We still consider the example above, but compute F + + F − using hyperbolic geometry. Here, γ + lies on the vertical line with real part − 1 3 , and the ray γ − lies on the hyperbolic geodesic from −1 to 0. We complete to a hyperbolic polygon with another cusp at − 1 2 , see Figure 5 . Because P consists of two ideal triangles, we have A hyp (P ) = 2π − 2ϑ. By (34), the relevant cusp angles are 
